Background {#Sec1}
==========

Fixed point theory is an important tool to investigate the convergence of sequences to limits and unique limits in metric spaces and normed spaces. See, for instance, Pap et al. ([@CR40]), Sehgal and Bharucha-Reid ([@CR47]), Schweizer and Sklar ([@CR45]), Eldred and Veeramani ([@CR28]), De la Sen ([@CR15], [@CR16]), Choudhury et al. ([@CR12], [@CR13]), De la Sen and Karapinar ([@CR18], [@CR19], [@CR20]), Beg et al. ([@CR3]), Roldan et al. ([@CR43]), Jleli et al. ([@CR32]), Roldán-Lopez-de-Hierro et al. ([@CR44]), Khan et al. ([@CR35]), Choudhury and Das ([@CR11]), Gopal et al. ([@CR30]), Takahashi ([@CR51]), Shimizu and Takahashi ([@CR48]), Kaewcharoen and Panyanak ([@CR33]), Karpagam and Agrawal ([@CR34]), Suzuki ([@CR50]), Di Bari et al. ([@CR25]), Rezapour et al. ([@CR42]), Derafshpour et al. ([@CR24]), Al-Thagafi and Shahzad ([@CR2]), Karpagam and Agrawal ([@CR34]), Dutta et al. ([@CR27]), Chang et al. ([@CR7]), Chen et al. ([@CR9]), Chen ([@CR8]), Berinde ([@CR4]), De la Sen et al. ([@CR22]) and the wide list of references cited in those papers. In particular, fixed point theory is also a relevant tool to investigate iterative schemes and stability theory of continuous-time and discrete-time dynamic systems, boundedness of the trajectory solutions, stability of equilibrium points, convergence to stable equilibrium points and the existence oscillatory solution trajectories. See, for instance, De la Sen ([@CR14], [@CR16]), Berinde ([@CR4]), De la Sen and Karapinar ([@CR18]), De la Sen et al. ([@CR21], [@CR22]), Marchenko ([@CR36], [@CR37]), Delasen ([@CR23]), Istratescu ([@CR31]) and references therein. The solution of some interesting stability and solution approximation problems in some integral and physical problems have been recently investigated in Eshkuvatov et al. ([@CR29]), Abdulla et al. ([@CR1]), Matinfar et al. ([@CR38]).

On the other hand, fixed point theory is, in particular, receiving important research attention in the framework of probabilistic metric spaces. See, for instance, Schweizer and Sklar ([@CR45], [@CR46]), Pap et al. ([@CR40]), Sehgal and Bharucha-Reid ([@CR47]), Choudhury et al. ([@CR12], [@CR13]), De la Sen and Karapinar ([@CR19]), Beg et al. ([@CR3]) and references therein. Also, Menger probabilistic metric spaces are a special class of the wide class of probabilistic metric spaces which are endowed with a triangular norm, (Pap et al. [@CR40]; Sehgal and Bharucha-Reid [@CR47]; Choudhury et al. [@CR12]; De la Sen and Karapinar [@CR19], [@CR20]; Choudhury and Das [@CR11]; Gopal et al. [@CR30]) and which are very useful in the context of fixed point theory since the triangular norm plays a close role to that of the norm in normed spaces. In probabilistic metric spaces, the deterministic notion of distance is considered to be probabilistic in the sense that, given any two points *x* and *y* of a metric space, a measure of the distance between them is a probabilistic metric *F*~*x*,*y*~(*t*), rather than the deterministic distance *d*(*x*, *y*), which is interpreted as the probability of the distance between *x* and *y* being less than *t* (*t* \> 0), (Sehgal and Bharucha-Reid [@CR47]).

Fixed point theorems in complete Menger spaces for probabilistic concepts of *B* and *C*-contractions can be found in Pap et al. ([@CR40]) together with a new notion of contraction, referred to as (*Ψ*, *C*)-contraction. Such a contraction was proved to be useful for multivalued mappings while it generalizes the previous concept of *C*-contraction. On the other hand, cyclic contractions on subsets of complete Menger spaces were discussed in Choudhury et al. ([@CR12], [@CR13]), De la Sen and Karapinar ([@CR19]). Also, some types of contractions in complete probabilistic Menger spaces have been studied through the use of the so-called altering distances. See, for instance, Khan et al. ([@CR35]), De la Sen ([@CR16]) and references therein and more recent results in Mishra et al. ([@CR39]). Some general fixed point theorems have been very recently obtained in Gopal et al. ([@CR30]) for $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha - \psi$$\end{document}$ contractive mappings in Menger probabilistic metric spaces. Also, a parallel background literature, related to results on best proximity points and fixed points in cyclic mappings in metric and Banach spaces as well as topics related to common fixed points, is exhaustive. See, for instance, Eldred and Veeramani ([@CR28]), De la Sen ([@CR15]), Takahashi ([@CR51]), Shimizu and Takahashi ([@CR48]), Kaewcharoen and Panyanak ([@CR33]), Karpagam and Agrawal ([@CR34]), Suzuki ([@CR50]), Di Bari et al. ([@CR25]), Rezapour et al. ([@CR42]), Derafshpour et al. ([@CR24]), Al-Thagafi and Shahzad ([@CR2]) and (Chen et al. [@CR9]), Chen [@CR8]) as well as references therein. On the other hand, fuzzy metric spaces have been investigated more recently and some ad -hoc versions of fixed point theorems have been obtained in that framework. See, for instance, Roldan et al. ([@CR43]), Jleli et al. ([@CR32]), Roldán-Lopez-de-Hierro et al. ([@CR44]) and some references therein. Recent research has been also focused on some basic convergence properties of the iterates in iterative schemes. For instance, a new averaged algorithm for finding a common fixed point of a countably infinite family of generalized k-strictly pseudocontractive multi-valued mappings is studied in Chidume and Opkala ([@CR5]) and the computational errors of iterated schemes in the set-valued case are investigated in Reich and Zaslavski ([@CR41]) and in Dinevari and Frigon ([@CR26]), in this last case under the support of graph theory. On the other hand, some variants of homopotopy methods together with Picard and Picard--Padé iterative methods to solve Michaelis--Menten equation have been investigated in Vazquez-Leal et al. ([@CR52]) while an iterative scheme being strongly convergent to a common fixed point of a countable family of strictly pseudo-contractive mappings has been focused on in Chamnarnpan et al. ([@CR6]). Such a fixed point is proved to be also a solution of variational inequality problem related to quadratic minimization problems. See also Chidume et al. ([@CR10]).

This paper investigates some properties of convergence of sequences being built through sequences of operators which are either uniformly convergent to a strict *k*-contractive operator, for some real constant *k* ∈ (0, 1), or which are strictly *k*-contractive and point-wisely convergent to a limit operator. The obtained properties are reformulated later on for the case when either the sequence of operators or its limit operator are strict $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi$$\end{document}$-contractions. The appropriate definitions of strict (*k* and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi$$\end{document}$) contractions are given ad-hoc in the context of probabilistic metric spaces, namely, for the considered probability density function.
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                \begin{document}$${\varvec{R}}_{0+} = {\varvec{R}}_{+} \cup \{0\}$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{n} = \{1, 2, \ldots,n\}$$\end{document}$, and denote also by ***L***, the set of distance distribution functions $\documentclass[12pt]{minimal}
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                \begin{document}$$H:{\varvec{R}} \to [0, 1]$$\end{document}$, (Schweizer and Sklar [@CR46]), which are non-decreasing and left continuous such that *H*(0) = 0 and $\documentclass[12pt]{minimal}
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                \begin{document}$$sup_{t \in {\varvec{R}}} H(t) = 1$$\end{document}$. Let *X* be a nonempty set and let the probabilistic metric (or distance) $\documentclass[12pt]{minimal}
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                \begin{document}$$F: X \times X \to L$$\end{document}$ a symmetric mapping from *X* × *X*, where *X* is an abstract set, to the set of distance distribution functions *L* of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$(x, y) \in X \times X$$\end{document}$. Then, the ordered pair $\documentclass[12pt]{minimal}
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                \begin{document}$$(X, F)$$\end{document}$ is a probabilistic metric space (PM) (Pap et al. [@CR40]; Sehgal and Bharucha-Reid [@CR47]; Chang et al. [@CR7]) if$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} & 1. \quad \forall x,y \in X \left({\left({F_{x,y} (t) = 1; \forall t \in {\varvec{R}}_{+}} \right) \Leftrightarrow \left({x = y} \right)} \right) \\ & 2. \quad F_{x,y} (t) = F_{y,x} (t); \forall x,y \in X,\; \forall t \in {\varvec{R}} \\ & 3. \quad \forall x,y,z \in X; \forall t_{1},t_{2} \in {\varvec{R}}_{+} \left((F_{x,y} (t_{1}) = F_{y,z} (t_{2}) = 1) \Rightarrow \left(F_{x,z} (t_{1} + t_{2}) = 1\right) \right) \end{aligned}$$\end{document}$$

A particular distance distribution function *F*~*x*,*y*~ ∈ *L* is a probabilistic metric (or distance) which takes values *F*~*x*,*y*~(*t*) identified with a probability distance density function $\documentclass[12pt]{minimal}
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                \begin{document}$$H:{\varvec{R}} \to [0, 1]$$\end{document}$ in the set of all the distance distribution functions ***L***.
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                \begin{document}$$(X, F)$$\end{document}$ is a PM-space which satisfies:$$\documentclass[12pt]{minimal}
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                \begin{document}$$F_{x,y} \left({t_{1} + t_{2}} \right) \ge \varDelta \left({F_{x,z} \left({t_{1}} \right), F_{z,y} \left({t_{2}} \right)} \right);\quad \forall x, y, z \in X,\;\forall t_{1},t_{2} \in {\varvec{R}}_{0+}$$\end{document}$$under $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta: [0,1] \times [0, 1] \to [0,1]$$\end{document}$ is a *t*-norm (or triangular norm) belonging to the set ***T*** of *t*-norms which satisfy the properties:*Δ*(*a*, 1) = *aΔ*(*a*, *b*) = *Δ*(*b*, *a*)*Δ*(*c*, *d*) ≥ *Δ*(*a*, *b*) if *c* ≥ *a*, *d* ≥ *b*$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta (\varDelta(a,b),c) = \varDelta (a,\varDelta (b,c))$$\end{document}$$

A property which follows from the above ones is *Δ*(*a*, 0) = 0 for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in [0,1]$$\end{document}$. Typical continuous *t*-norms are the minimum *t*-norm defined by *Δ*~*M*~(*a*, *b*) = *min* (*a*, *b*), the product *t*-norm defined by *Δ*~*P*~(*a*, *b*) = *a*.*b* and the Lukasiewicz (or nilpotent-minimum) *t*-norm defined by *Δ*~*L*~(*a*, *b*) = *max* (*a* + *b* − 1, 0) which are related by the inequalities *Δ*~*L*~ ≤ *Δ*~*P*~ ≤ *Δ*~*M*~.

The (probabilistic) diameter of a subset *A* of *X* is a function from $\documentclass[12pt]{minimal}
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                \begin{document}$$D_{A} (z) = sup_{t < z} inf_{x, y \in A} F_{x,y} (t)$$\end{document}$ and *A* is probabilistically bounded if $\documentclass[12pt]{minimal}
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                \begin{document}$$D_{A}^{p} = sup_{z \in {\varvec{R}}_{+}} D_{A} (z) = 1$$\end{document}$ \[$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_{A}^{p}$$\end{document}$ can be defined equivalently as *lim*~*z*→∞~*D*~*A*~(*z*)\], probabilistically semibounded if 0 \< $\documentclass[12pt]{minimal}
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                \begin{document}$$D_{A}^{p}$$\end{document}$ = 0, (Schweizer and Sklar [@CR46]; Pap et al. [@CR40]). The diameter of a subset *A* ⊂ *X* in the *PM*-space (*X*, *F*), induced by a metric space (*X*, *d*), refers to maximum real interval measure, where the argument of the probabilistic metric is unity.

Notation and some basic definitions {#Sec2}
-----------------------------------

***Z***, ***Z***~+~, ***R*** and ***R***~+~ are the sets of integers, positive integers, real and positive real numbers, and $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{R}}_{0+} = {\varvec{R}}_{+} {\backslash}\{0\}$$\end{document}$, respectively.$\documentclass[12pt]{minimal}
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                \begin{document}$${\neg}$$\end{document}$" denotes logic negation.A probabilistic distance is a mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{F}}: X \times X \to \varDelta_{\varvec{F}}$$\end{document}$, where *X* is a nonempty abstract set represented by *F*~*x*,*y*~ for each (*x*, *y*) ∈ *X* × *X* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta_{\varvec{F}}$$\end{document}$ is a set of distribution functions such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F \in \varDelta_{\varvec{F}}$$\end{document}$ is a mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F:{\varvec{R}} \to {\varvec{R}}_{0+}$$\end{document}$ which is non-decreasing and left-continuous with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$inf_{t \in {\varvec{R}}} F (t) = 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### *Example 1* {#FPar3}
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Main results concerning the uniform convergence of operators {#Sec3}
============================================================

The concept of (probabilistic) *k*-contraction follows:

**Definition 1** {#FPar4}
----------------
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**Proposition 1** {#FPar5}
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*Proof* {#FPar6}
-------
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The result below refers to the case of uniform convergence of the sequence $\documentclass[12pt]{minimal}
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**Theorem 1** {#FPar7}
-------------
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*Proof* {#FPar8}
-------
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The following auxiliary result is then used:

**Lemma 2** {#FPar9}
-----------
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-------
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Main results concerning the point-wise convergence of operators {#Sec4}
===============================================================

The first result of this section is the following one:

**Theorem 3** {#FPar13}
-------------
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----------------

(Berinde [@CR4]) A non-decreasing function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi : {\varvec{R}}_{0+} \to {\varvec{R}}_{0+}$$\end{document}$ (i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi$$\end{document}$(*t*~1~) ≤ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi$$\end{document}$(*t*~2~) if *t*~1~ ≤ *t*~2~) is said to be a comparison function if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\{{\varphi^{n} (t)} \right\} \to 0, \forall t \in {\varvec{R}}_{+}$$\end{document}$. If, furthermore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left({t - \varphi (t)} \right) \to + \infty$$\end{document}$ as *t* → + ∞ then it is said to be a strict comparison function.

*Example 2* {#FPar16}
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-------
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The next result follows:
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Numerical example {#Sec5}
=================

This section contains some numerical examples illustrating the theoretical results previously established, in particular Theorems 1, 3 and 6 from "[Main results concerning the uniform convergence of operators](#Sec3){ref-type="sec"}" and "[Main results concerning the point-wise convergence of operators](#Sec4){ref-type="sec"}" sections, respectively. For this purpose, we extend the example proposed in de la Sen and Ibeas ([@CR17]):

*Example 4* {#FPar27}
-----------
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Therefore, *g*(*q*) is a non-decreasing function and if *q* ≥ 1 we have *g*(*q*) ≥ *g*(1). Thus, Eq. ([34](#Equ34){ref-type=""}) holds provided that $\documentclass[12pt]{minimal}
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Moreover, *inf M*~*n*~ = *inf*(*f*(*n*)(1 + *x*)(1 + *y*)) = *inf f*(*n*) = 2 since *X* = \[0, +∞) and Eq. ([34](#Equ34){ref-type=""}) holds if $\documentclass[12pt]{minimal}
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Conclusions {#Sec6}
===========

This paper has investigated some relevant properties of convergence of sequences built through sequences of operators which are either uniformly convergent to either a strict *k*-contractive operator, for some given real constant $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\varphi$$\end{document}$-contractions are given in the context of probabilistic metric spaces for the given probability density function. A numerical illustrative example is proposed and discussed in detail.
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